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Abstract—The emissivity of a particulate flame which contains interacting soot particles of size parameters
larger than Rayleigh limit and up to Penndorf extension is derived. The flame is assumed to be heavily
charged with soot particles and radiation from the flame is mainly dominated by that emitted or absorbed
by particles. It is found that interaction mechanisms have no significant effects on the emissivity of the
flame. However, for flames containing soot particles of large size parameters, the emissivity deviates
considerably from that estimated based on the Rayleigh limit assumption. Also, a modified version of the
monochromatic Schmidt method is proposed to predict the temperature and soot concentration of flames
which contain interacting soot particles having size parameters larger than Rayleigh limit and up to
Penndorf extension.

INTRODUCTION

Thermal radiation from particulate-laden media plays
an important role in combustion systems. Examples
are oil and gas-fired furnaces, pulverized coal com-
bustion, radiative burners, solid propellant rockets,
gas turbine combustors, internal combustion engines
and natural fires. The use of heavier fuels or rich fuel-
air ratio in these e¢xamples increases the soot for-
mation rate, especially in the primary zone of the
combustion system. As a result, radiation from the
flame increases, and is dominated mainly by that emit-
ted or absorbed by soot particles. It is important for
the designer of a combustion system to predict soot
formation on a quantitative basis, rather than from
the limited data which can be inferred from exhaust
smoke measurements. To achieve a quantitative pre-
diction, the flame temperature and its soot con-
centration need to be determined. In the literature,
three measurement techniques are available [1]. The
first technique is to sample the combustion gas and
then determine the extracted soot by electron
microscopy. The second technique is based on light
scattering where incident light is directed to the flame
and then scattered radiation is detected. The third
technique which is suggested by Schmidt and used
in variant forms [2] involves radiation measurements

from the flame with hot and cold backgrounds and
radiation measurements from the hot background
alone. This technique assumes that soot acts primarily
to absorb radiation and not to scatter it. This is true
for Rayleigh particles which have a small size
parameter. An alternative measurement technique
requires the knowledge of the spectral coefficients.
These coefficients for a single particle can be obtained
from the classical Lorenz-Mie (LM) theory for iso-
tropic and homogeneous spherical particles [3, 4] or
from its limit, the Rayleigh approximation [5] or the
Penndorf extension [6].

For a cloud containing a relatively small number of
soot particles, each particle in the cloud acts inde-
pendently in the absorption and scattering of radi-
ation, and is unaffected by the presence of other
particles. The radiative properties of the cloud are
then obtained by algebraically adding the properties
of each isolated particle. However, when the cloud
is heavily charged with particles, the assumption of
independent scattering and absorption breaks down
due to two fundamental mechanisms [7, 8]. The first
mechanism is the near-field interparticle effect, where
the internal field of each particle is affected by the
presence of the others. Consequently this modifies the
amount of radiation absorbed as well as the amount
of radiation scattered by each particle. The second is
that of coherent addition of the scattered radiation by
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NOMENCLATURE
C, first radiation constant Greek symbols
C, second radiation constant o size parameter, 7D/4
D diameter of the particle O mean size parameter, nD/ A,
E,, emissive power of black body o absorbtivity
I solid volume fraction Y far-field correction factor
h, parameter appears in the definition Vo 71 parameters appear in the definition of

of & and related to the
mechanical interaction among
particles

i complex unit

I ‘the imaginary part of”

k absorptive index

L mean beam length

LM Lorenz—Mie theory

m complex refractive index,
n+ik
n refractive index
N particle number density
P normalized size distribution function
Q.. Q.and Q, absorption, extinction

and scattering efficiency factors,
respectively

R, ‘real part of”

R,; monochromatic emissive power of the
flame with a cold, non-reflecting
background

R,, monochromatic emissive power of the
flame with a hot black body background

R;, monochromatic emissive power of the
black body background

T temperature

Xy scattering matrix estimated from LM
theory.

y and depend on the type of
mechanical interaction among
particles

£ the emissivity of the flame

€ relative dielectric constant [m?]

z Stefan-Boltzmann constant

& complex correction factor depends on
the type of mechanical interaction

A wavelength

mean wavelength

P

A

¥®  pentagamma function.
Subscripts

a absorption

b black body

D dependent effect

e extinction

f flame

I independent assumption

M Mie theory for one particle

N N particles

] scattering

A monochromatic properties.
Superscripts

P Penndorf limit
R Rayleigh limit.

each particle in the far field which is manifested by a
change in the total scattered field.

The present work is aimed at the prediction of soot
concentration and temperature of a heavily charged
flame. To attain this goal, the emissivity of a par-
ticulate flame, which contains interacting soot par-
ticles and other radiation properties, is derived. The
study extends the investigation to particles having size
parameters up to the Penndorf limit. Also, a modified
version of the monochromatic Schmidt method is sug-
gested to predict the soot concentration and tem-
perature of the flame. The proposed method, called
the two-distinct wavelengths approach, involves two
radiation measurements, instead of three required by
other classical methods. These radiation measure-
ments are taken at two distinct wavelengths from the
flame with a cold background.

ANALYSIS

For a given particle in a dense particulate system,
the scattering, extinction and absorption efficiency
factors are [7]

QSD = |é|2stM (1)

4
Qo = ERe[éXM "€ g0l @
QaD = QeD_QsD (3)

where subscript D refers to the effect of interaction
among particles on the properties, M refers to the
properties of non-interacting particles evaluated using
LM theory, o = nD/4 is the size parameter; 4 being
the wavelength of the incident radiation, D the diam-
eter of the spherical particle, and X, is the scattering
matrix for a single particle based on the LM theory.
Also, ¢ is the near-field correction factor which modi-
fies the internal field of each particle due to its
enhancement by the presence of other particles, and y
is the far-field correction factor which accounts for
the coherent addition of the scattered radiation. In
equations (1) and (2), the particles satisfy the Ray-
leigh-Debye scattering condition: 2a|lm—1| « 1,
where m is the complex refractive index of the particle.
For non-interacting particles, Q. and Xy, - e,|_, are
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derived by the LM theory in terms of an infinite series.
Penndorf [6] obtained expressions for these terms in
which o’ and higher order terms are truncated in
X - €.la—o and in which «® and higher order terms are
truncated in Q. These expressions are [9]

&=
e+2

P _8 4

sM_3a

2 2(12
[H————
N}i+(2+N,)?

X(%(N3—4)—2N1“)} “)
Xy ey = it (o014 2 (=)
M Exlo—o = = e+2 15\e+2

g2 +27¢+38 200 [e—177

X( 2643 _1)]+T[s+2] )

where ¢ = m?, m = n+ik, N, = 2nk, N, = n*—k* and

N, = N2+ N2
The near-field complex correction factor & is [7]

—1 -1
&= [1 - ;—2fv(1+h.a2>} ©

where £, is the particles volume fraction = NaD?/6, N
is the number of particles per unit volume and #,
has values depending on the statistical model used to
describe the mechanical interaction among particles.
Equation (6) is expanded as

&= A +A,0% + As0* + (B, + B,0> + Bya*)i (7)
where
A =1+ W, f+f2 W —W3)
A, = W fh +2hf2(WE—-WD)
Ay = BfUWT—W3)
B, = Wof, + 212 W, W,
B, = W,f.h, +4h f2W, W,
By =212 W\ W,
(N, —1)(N,+2)+ N}
(N, +2)*+ N}

-3
(N, +2)° +N?

1=

W,

W, = EB;ZNI T
4

w, =TT
4

T, = N3-N3+2IN,+38
T2=2N2+3 T3=2N1N2+27N|
T, = (2N, +3)*+4N1.
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Also, equation (5) is expanded as
Xy t€loco = (103 +850° +S5a®)i+ (Vo8
+V,a®+V5a%)  (8)

where

w
Si=-W, §,= —TSL(W,W3—WZW4)

w, s
+H(W|W4+W2W3) S; :§W1 W,

W
Vi=W, Vi=2 (W W= W,W,)

% _2 2 2
+ 15 W\ W+ W,y Ws5) Vi =S(Wi—W3).

A combination of equations (7) and (8) yields
Xy relgog) = Vo' + Vyo® + Vya®
+(Z P+ Z,0°+Z50%)i  (9)

where

¥, =A4,V,—B,S,

Y,=4,V,~B S, +4,V,—B,S,

¥ =4,V5—B,S,;

Z,=A4,5+8BV,

Z, =B\ V,+ 4,8, +B,V,+ 4,5,

Zi=A,S;+B,V;.

Now, from equation (2), the extinction efficiency
factor for interacting Penndorf particles is

0F = Yo+ Y,0’ + Yy (10)

where

Y, =47, Y,=4F, Y, =47,

The first term in equation (10) represents the extinc-
tion efficiency factor for interacting Rayleigh particles.
The deviation of the extinction factor for Penndorf
interacting particles from that for Rayleigh interacting
particles is shown in Fig. 1. As is clear from this

2.1370
Penndorf/Rayleigh -
Dependent
Extinction 1.9067 -
Cosfficlent, - n=15k=05
Qeo/Qep 1 goas |- f=16.f,=018
1.4550 |-
1.2277 [
1,0004 [T S T S W S S SAN
0.02000 0.34867 0.67333 1.0000

Size Parameter, o

Fig. 1. The deviation of Penndorf extinction factor from
Rayleigh extinction factor vs size parameter.
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figure, the deviation reaches a value of 113% at size
parameter o = 1.

To get an expression for QF;, the far field correction
factor y needs to be specified. This factor is [7]

amn
where the values of y, and y, depend on f, and on
the statistical model used to describe the mechanical
interaction among particles. The scattering efficiency
factor for interacting particles is given by inserting
equations (4), (7) and (11) into equation (1) to yield

(12)

7= 7oty

0%, = P,a* + Pya® + Pyo’
where

8
P, ’°(W2+W2)

6M,y,
=i+ W%)(ﬁ +V|>

P, = 32N1y0

(Wi+W3)

= N%+(2+N2)2 M, = N, —4.
The absorption efficiency factor is given in terms of
equations (3), (10) and (12) as
O = Ya+ Y, + (Y5 — P)a* — Pa® — Pya’
13)
where the first term,
0 =Y (14

is the absorption efficiency factor for interacting Ray-
leigh particles. For non-interacting particles,

12N,
(N,+2) +N?

and as a result the absorption efficiency factor is
reduced to [13]

1=

B 12N, o
(N, +2)2+ N3
The deviation of the monochromatic absorption

efficiency factor for non-interacting Rayleigh particles
from that for interacting particles is shown in Fig. 2.

Qi (15)

1.2755

Dependent / -

Indepsndent

Absorption 1.2204 -

g’f'iqcljnc%Factor, L n=15k=05

Q

#D" el 41653 |-
rioz b
1.0551 -
100000 a0 a0

0.0000 0.10000 0.20000 0.30000

Soot Concentration, £,

Fig. 2. The ratio of dependent to independent absorption
efficiency factor vs soot concentration.
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According to this figure, interaction effects become
significant when f, > 0.1.

Emissivity of a sooty flame

To predict the temperature and soot concentration
of the flame, the flame monochromatic and total
emissivity need to be found. From definition, the
emissivity of a sooty flame is defined as

—r L

g, =1—¢e (16)
where L is an appropriate average length (the mean
beam length) which is in general a function of the
geometry and , , is the spectral absorption coefficient,

Koy = f Qa,DgDZNP(D)dD (17
0

where P(D) is the normalized particle size distribution
function,

r P(D)dD = . (18)

0

For a monodisperse medium, equation (17) is inte-
grated in terms of equation (13) to yield

3

a/ID_ZD Pl)“4—P2°‘6—P30‘7]

K [Y1a+Y20C +(Y3

19

where the first term (3f,Y,2)/(2D) is the mono-
chromatic absorption coefficient for interacting Ray-
leigh particles. Now, the monochromatic emissivity of
a flame which contains interacting Penndorf particles
is given in terms of equations (16) and (19) as

3, L
— 5 [Ya+ Y213+(Y3—P|)a4—P2a°—P317]B

e =1—¢ (20)
and the monochromatic emissivity of a flame which
contains interacting Rayleigh particles is given as

3,

ghp=1—e" 2N

L
*D. 2n
For non-interacting Penndorf particles, the mono-
chromatic emissivity of the flame is still described by
equation (20) but with
Y, =4V,

Y, =4V, Y, =4V;

oM
Py =3(Wi+Wi) P, =3(Wi+ W§)<5M2)
1

32N
P;=———](W2+W)

The variation of monochromatic emissivity with £,
for interacting and non-interacting particles is shown
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Fig. 3. The variation of monochromatic emissivity of flames
containing interacting and non-interacting particles with
soot concentration.

in Fig. 3. As is apparent from this figure, interaction
mechanisms have no significant effects on ;. In fact,
interaction effects are predicted to appear when
f, > 0.1 [7]. However, over this range, particulate
flames behave like a blackbody which has &, = 1.
Also, the deviation of the monochromatic flame emiss-
ivity based on Rayleigh limit assumption from that
based on Penndorf extension is shown in Fig. 4 for
one refractive index typical for soot. The figure clearly
demonstrates the importance of the Penndorf cor-
rection on the Rayleigh limit by plotting the error in
the Rayleigh emissivity vs size parameter «. This error
is defined as

Error = 22)

Now, the total emissivity for an isothermal medium
is defined as
_ IZ"EM C_K"AL dl

g=1
oT*

23)

Here E, ; is the Planck’s distribution expressed as

G

E,=———— 24
T S [elGeT 1) (24)
E,"°' T 0.35035
|“m“m‘ L
P
ef"
. 0.28028 - D=1.0x10"%,£,= 1x104
L n=15k=05L=025
021021 |
0.14014 |-
0.07007 |
1.0000 R
0.0000 0.33333 0.66667 1.0000

Size Paramater, o

Fig. 4. The deviation of monochromatic emissivity for flame
containing Rayleigh particles from that containing Penndorf
particles.
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where C, and C, are the first and the second radiation
constants, respectively.

The total emissivity for a flame containing inter-
acting Rayleigh particles is given in terms of equations
(21) and (23) as

15 3nf,Y,LT
Ry = 1— —po(4 oD 25
e B (1 5ET) g

where W is the pentagamma function [10]. A sim-
plified form for the total emissivity of Rayleigh inter-
acting particles may be obtained if equation (23) is

integrated using Wien’s approximation for
E, (= C,A% exp~ “/*"). This approximation yields
Roolo— L (26)
P | SANLT 4
2C2

An exact, closed form expression for the total emiss-
ivity of a flame containing Penndorf interacting par-
ticles does not appear to be feasible. However, the
substitution of the emission mean wavelength 4, into
equation (20) gives approximate values for efp [1].
The mean wavelength is defined as the wavelength
which splits the distribution of radiation emitted by a
black body to two equal parts and is [11]

_0.004110

A
" T

@n

Now, by substituting i, for i in equation (20),
the total emissivity for flame of Penndorf interacting
particles is given as

3,
L
SFD =1- C{— S Yo+ Yzar3n+(ijPI)aszza;—Plal‘]B}

(28)
where o, = nD/A,. For flames containing interacting
Rayleigh soot particles, equation {28) is reduced to

ey = RS (29)

In the following section, the approaches usually
used to predict temperature and soot concentration in
flames that contain non-interacting Rayleigh particles
are extended to include both interaction effects and
larger size parameter limits (Penndorf extension).

RADIATION MEASUREMENT METHODS—
MONOCHROMATIC SCHMIDT METHOD

This method was originally suggested by Schmidt
[11] to predict the characteristics of gray flames. How-
ever, the method may be used monochromatically for
a precise prediction [2]. The monochromatic Schmidt
method requires three readings, which are :

(a) R,, = monochromatic emissive power of the
flame with a cold, non-reflecting background.

(b) R,; = monochromatic emissive power of the
flame with a hot black body background.
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(c) R;; = monochromatic emissive power of the
black body background without flame.

These three readings are expressed in terms of
Planck’s law for black body radiation as,

Ry, =&, E, (1Y) (30)
Ry, = &, B, (T)) + (1 — o) Ey 1 (Ts) 31
Rs,A = Eb,A(TB) (32)

where Ty is the hot black body temperature and «;; is
the monochromatic flame absorptivity. Substituting
equations (30) and (32) into equation (31) gives

Ry =R+ (1—a) Ry, (33)
This equation is solved for «;; to give
Ry, —Ry;
g = 1= " 34
O s R3,)_ ( )

Now, according to Kirchhoff’s law, the spectral
flame absorptivity oy, is equal to the spectral flame
emissivity ¢, for diffuse flames. Thus,

RZ‘;‘_RI.A

R, 35)

&, = 1—

Now, for flames that contain interacting Penndorf
particles, the temperature of the flame is given from
equation (30) as

G,

. Ciers |
Aln| 1+ =

Also, the concentration of soot particles within
Penndorf limit may be found from equation (20) as

Ti= (36)

Dln (] _Sf')‘)
JL[Y 04 Y,0 + (Y5 — P)a* — Pyo® — Pya’]

37

fi=

For particles within Rayleigh limit, equation (37) is
reduced to

Dln (1 _Sfy;_)

(38)
LY

fi=

where &;; is the flame emissivity estimated from radi-
ation measurements as given in equation (35). The
right-hand sides of equations (37) and (38) are func-
tions of f, and, as a result, these equations have to
be solved numerically for f,. However, as mentioned
previously, interaction has no significant effect on ¢,
and soot particles may be assumed to behave inde-
pendently. Accordingly, the dependence of the right-
hand sides of equations (37) and (38) on f, vanishes.
For this case, the volume fraction ratio of non-inter-
acting Penndorf particles to that of non-interacting
Rayleigh particles is

M. A. AL-NIMR et al.

The Ratio  1-0000

fFifR -

0.93863 |-
n=15k=05
0.87726 |-

0.81589 |-

0.75453 |-

060316 om0+ ¢ 4
0.0000 0.35000 0.70000
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1.0500

Fig. 5. The deviation of soot concentration estimated for
Penndorf particles from that estimated for Rayleigh

particles.

~ 1

AT ey, P
Y, Y,

where terms of order «’ and higher are neglected and

Y, =4V, Y, =4V, Y, =4V,

P = Wi+ W),

The deviation of /¥ from f* with size parameter is
shown in Fig. 5. As is clear from this figure, the ratio
fYIfR reaches a value of 0.7 at « = 1.0 which remains
within the limit of Penndorf extension. In the fol-
lowing section, a two-distinct wavelengths approach
is proposed which predicts both soot concentration
and temperature of a sooty flame.

TWO-DISTINCT WAVELENGTHS APPROACH

The Schmidt method requires three radiation
measurements to predict the temperature and soot
concentration in the flame. These measurements need
to be conducted for three different arrangements of the
flame and its background. Here, a simpler approach is
proposed. The approach requires two radiation
measurements conducted at two distinct wavelengths
from the flame with cold, non-reflecting background
and for only one arrangement of the flame and its
background. The required readings by the proposed
method are

Ry = &0 By (T) (40)

Ry ;5 = e By 12(T). “1

Now, in terms of Wien’s approximation for E, ; and
the monochromatic emissivity as given by equation
(20), the flame temperature is eliminated by com-
bining equations (20), (40) and (41) to yield

Bf,x{ _ Riu C =2/ (D) S =) a3l
(Sf,i.z)ﬁzu" (R 52)" o)
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3,
v L
—_ 3 4 7
1 —e~ T+ Vo + (¥ —Ppaj— Pt —Pasll

3, .
—_ 3 7
[1 e 2 [erxz-%—Yzo(;+(Y3—Pl)a‘szzzg—PzzxZ]B 2 fay

(42)

where «, = nD/4, and o, = nD/A,. Equation (42)
needs to be solved numerically, in terms of the mea-
sured values R,;, and R, ;,, to find the soot con-
centration f,. The flame temperature may be found
using equation (40) to yield

&)
2, 1n [Smlcl :|
RI,AIA?

Measurement techniques which require two radi-
ation readings, and similar to the proposed two-dis-
tinct wavelengths method, are available in the litera-
ture [12]. However, these methods assume the
readings to be taken under different arrangements for
the flame and its background. An example for these
two-measurement methods is the two-path method
[11]. This method involves the use of a mirror as a
background and requires two radiation readings
which are the radiation from the flame itself, and the
radiation from the flame plus that which has been
reflected from the mirror and attenuated by the flame.
Clearly, the two-path method requires two different
arrangements for the flame ; these are the flame alone
and the flame with a mirror as a background. On
the other hand, the two-distinct wavelengths method
requires one arrangement for the flame with a coid
background. Also, the proposed two-distinct wave-
lengths method is similar to the two-colour method
which is used to predict the temperature of a given
surface which has unknown emissivity, However, the
two-colour method, in its original form, cannot be
used to predict the flame temperature because the
radiation pyrometer receives radiation not only from
the flame, but also from the background.

T; == (43)

CONCLUDING REMARKS

In this work the emissivity of a sooty flame, which
is heavily charged with soot particles, has been derived
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where both interaction and size parameters effects
have been considered. It is found that interaction
mechanisms have no significant effects on the emiss-
ivity. However, the emissivity of flames which contain
particles of large size parameters deviates considerably
from those containing Rayleigh particles. In addition,
this study extends the classical radiation measuring
techniques, usually used to estimate temperature
and concentration of flames having non-interacting
Rayleigh particles, to include interaction effects and
size parameters larger than Rayleigh limit. Also, a
proposed measuring technique which requires two
radiation measurements, instead of three required by
the classical methods, is presented. In terms of this
proposed method, expressions which predict the flame
temperature and its soot concentration have been
derived.
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